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In recent years, sensors and actuators become small and light-weight due to 
development of MEMS (Micro Electro Mechanical System) technology. In the sensors 
and the actuators, thin plates such as annular plates and the combined structures 
with segments of beams and a disc are used as structural elements. The annular 
plates are used for diaphragms in sensors and the combined structures are used as 
elements of MEMS scanners. When the thin plate is subjected to periodic external 
force laterally, nonlinear vibrations are generated on the plate because deflection and 
in-plane displacement are coupled by large amplitude resonant responses. 
Furthermore, chaotic vibrations can be generated on the plate in the typical condition. 
The chaotic vibrations show non-periodic responses and contain broadband frequency 
components as well as excitation frequency. Hence, reliability and precision of the 
sensors and the actuators can be influenced by the chaotic vibrations. The chaotic 
vibrations can be avoided by an increase of thickness of the plate because the bending 
stiffness increases. However, it might be difficult in the MEMS because the dimension 
is restricted. Therefore, dynamic behavior of the plate has to be taken into 
consideration of the design. For the design, the fundamental information about the 
chaotic vibrations of the plate is required. In the chaotic vibrations, the vibration 
modes may fluctuate with respect to time because the chaotic vibrations are 
non-periodic. To evaluate the effect of the chaotic vibrations on the plate, it is 
important for engineering to investigate changes of the vibration modes with respect 
to time. 
In this research, nonlinear vibrations of the annular plates and the combined 
structures with segments of beams and a disc are investigated. Two kinds of annular 
plates are examined; An outer-free and inner-clamped annular plate and an 
outer-clamped and inner-free annular plate. Experiments of the nonlinear vibrations 
are conducted on the annular plates and the combined structure. Analytical results 
are also shown about the nonlinear vibrations of the annular plate with outer-free and 
inner-clamped edges. 
In the experiment, configuration of the plate under the gravity, linear natural 
frequencies and corresponding modes of vibration, characteristics of the restoring force 
of the plate are measured as the fundamental properties of the plate. As the 
characteristics of the restoring force of the plate, relation between static deflection and 
concentrated force is measured. Then, applying periodic acceleration to the plate, 
nonlinear frequency response curves are obtained. The amplitude of the periodic 
acceleration is kept constant during sweeping the excitation frequencies. Time 
histories and the Poincare projection of the chaotic responses are measured in the 
typical frequency region. The time histories are examined by the Fourier spectra, the 
maximum Lyapunov exponents and the principal component analysis. To investigate 
the fluctuation of the vibration modes with respect to time, the principal component 
analysis is adapted on the time histories, which are divided into short time intervals. 
In the analysis of the outer-free and inner-clamped annular plate, the in-plane 
displacement at the clamped edge is assumed. The governing equation and the 
compatibility equation are obtained with the Hamilton’s principle. The coordinate 
function of the deflection in the radial direction is introduced as the power series while 
that in the circumferential direction is the sine and cosine functions. The 
homogeneous solutions can be exactly obtained. The particular solutions of the stress 
function are obtained with the variation of constants method. Unknown constants in 
the homogeneous solution are determined in terms of deflection and parameters, with 
which the in-plane boundary condition is exactly satisfied. Substituting the deflection 
and the stress function into the governing equation, the equation of motion is obtained. 
With the Galerkin procedure, the equation is reduced to a set of nonlinear ordinary 
differential equations. The deflection is assumed to be the sum of static deflection and 
dynamic deflection. The deformed configuration under the gravity and the restoring 
force of the plate is obtained from a set of simultaneous equation in terms of the static 
deflection. The natural frequencies and corresponding vibration modes are obtained 
from linear ordinary differential equation in terms of dynamic deflection. With the 
vibration modes, the nonlinear ordinary differential equation in terms of the dynamic 
deflection is transformed into that in terms of the normal coordinate. The responses of 
the plate are calculated by numerical integration with the Runge-Kutta-Gill method. 
As a result, fluctuation of the contribution ratio with respect to time is shown in the 
chaotic responses in each plate. In the outer-free and inner-clamped annular plate, it 
is confirmed that the order of the contribution ratio of multiple modes of vibration is 
irregularly changed. In the outer-clamped and inner-free annular plate, three modes of 
vibration predominantly contribute to the chaotic response. The two modes of 
vibration, which satisfy with the condition of internal resonance, show the exchange of 
the contribution ratio. On the other hand, the mode of vibration, which contributes to 
the chaotic response as the super-harmonic resonance of second order, shows almost 
constant contribution ratio. In the combined structure, the lowest flexural mode and 
the torsional mode contribute to the chaotic response predominantly. Irregular change 
of the contribution ratio between the lowest flexural mode and the torsional mode is 
shown. The change of the contribution ratio can be classified into three kinds of time 
periods; The time period with the dominant contribution of the lowest flexural mode, 
the time period with larger contribution ratio of the torsional mode than that of the 
lowest flexural mode and the time period with irregular change of the order of the 
contribution ratio between the lowest flexural mode and the torsional mode. 
Furthermore, irregular variation of the vibration modes in the circumferential 
direction is observed in the annular plates. 
